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TIGHTENING THE COMPLEXITY OE EQUIVALENCE 
PROBLEMS FOR COMMUTATIVE GRAMMARS* 

CHRISTOPH HAASE AND PIOTR HOFMAN 


Abstract. We show that the language equivalence problem for regular and 
context-free commutative grammars is coNEXP-complete. In addition, our 
lower bound immediately yields further coNEXP-completeness results for equiv¬ 
alence problems for communication-free Petri nets and reversal-bounded counter 
automata. Moreover, we improve both lower and upper bounds for language 
equivalence for exponent-sensitive commutative grammars. 


1. Introduction 

Language equivalence is one of the most fundamental decision problems in formal 
language theory. Classical results include PSPACE-completeness of deciding lan¬ 
guage equivalence for regular languages generated by non-deterministic finite-state 
automata (NFA) [GJ791 p. 265], and the undecidability of language equivalence for 
languages generated by context-free grammars |HMU03[ p. 318]. 

Equivalence problems for formal languages which are undecidable over the free 
monoid may become decidable in the commutative setting. The problem then is to 
decide whether the Parikh images of two languages coincide. Given a word w over 
an alphabet E consisting of m alphabet symbols, the Parikh image of w is a vector 
in N"* counting in its i-th component how often the i-th alphabet symbol occurs 
in w. This definition can then be lifted to languages, and the Parikh image of a 
language consequently becomes a subset of N™, or, equivalently, a subset of E®, 
the free commutative monoid generated by E. Parikh’s theorem states that Parikh 
images of context-free languages are semi-linear sets. Since the latter are closed 
under all Boolean operations [Gin66] . deciding equivalence between Parikh images 
of context-free languages is decidable. 

When dealing with Parikh images of formal languages, it is technically more 
convenient to directly work with commutative grammars, which were introduced 
by Huynh in his seminal paper |Huy83| and are “generating devices for commu¬ 
tative languages [that] use [the] free commutative monoid instead of [the] free 
monoid.” In |Huy83| , Huynh studied the uniform word problem for various classes 
of commutative grammars; the complexity of equivalence problems for commuta¬ 
tive grammars was subsequently investigated in a follow-up paper |Huy85| . One 
of the main results in |Huy85| is that the equivalence problem for regular and 
context-free commutative grammars is flj-hard and in coNEXP. Huynh remarks 
that a better upper bound might be possible, and states as an open problem the 
question whether the equivalence problem for context-free commutative grammars 
is n^-complete |Huy85[ p. 117]. Some progress towards answering this question 
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was made by Kopczynski and To, who showed that inclusion and a fortiori equiva¬ 
lence for regular and context-free commutative grammars is FI 2 -complete when the 
size of the alphabet is fixed |KT101 |Kopl5| . One of the main contributions of this 
paper is to answer Huynh’s question negatively: we show that already for regular 
commutative grammars the equivalence problem is coNEXP-complete. 

Our coNEXP lower bound is established by showing how to reduce validity in 
the coNEXP-comolete Ho-fragment of Presburger arithmetic [Ora89MHaal4) (i.e. its 
V*3*-fragment) to language inclusion for regular commutative grammars. A reduc¬ 
tion from this fragment of Presburger arithmetic has recently been used in |HH14j 
in order to show coNEXP-completeness of inclusion for integer vector addition sys¬ 
tems with states (Z-VASS), and this reduction is our starting point. Similarly to 
the standard definition of vector addition systems with states, Z-VASS comprise a 
finite-state controller with a finite number of counters which, however, range over 
the integers. Consequently, counters can be incremented and decremented, may 
drop below zero, and the order in which transitions in Z-VASS are taken may com¬ 
mute along a run—those properties are crucial to the hardness proof in [HH14] . The 
corresponding situation is different and technically challenging for regular commu¬ 
tative grammars. In particular, alphabet symbols can only be produced but not 
deleted, and, informally speaking, we cannot produce negative quantities of alpha¬ 
bet symbols. 

A further contribution of our paper is to establish a new upper bound for the 
equivalence problem for exponent-sensitive commutative grammars, a generalisa¬ 
tion of context-free commutative grammars where the left-hand sides of produc¬ 
tions may contain an arbitrary number of some non-terminal symbol. Exponent- 
sensitive commutative grammars were recently introduced by Mayr and Weihmann 
in |MW13a) . who showed PSPACE-completeness of the word problem, and member¬ 
ship in 2-EXPSPACE of the equivalence problem. Our hardness result implies that 
the equivalence problem is coNEXP-hard, and we also improve the 2-EXPSPACE- 
upper bound to CO-2NEXP. 

Finally, commutative grammars are very closely related to Petri nets, c.f. |Huy83| 
|Esp97[ IYen97[ IMW15] . We also discuss implications of our results to equivalence 
problems for various classes of Petri nets as well as reversal-bounded counter au¬ 
tomata [IbaZl]. 


2. Preliminaries 

2.1. Commutative Grammars. Let E = {ai,..., Om} be a finite alphabet. The 
free monoid generated by S is denoted by E*, and we denote by E® the free 
commutative monoid generated by E. We interchangeably use different equiva¬ 
lent ways in order to represent a word w € E®. For 1 < j < m, let ij be the 
number of times aj occurs in ic, we equivalently write w as w = ■ ■ -aj^, 

w = {ii,i 2 , ■ • ■, *m) S N™ or w : E —>■ N with w{aj) = ij, whatever is most conve¬ 
nient. By |w| = J2i<j<m.h denote the length of w, and the representation 

size ffw of w is X]i< 2 <m riogfj]. Given v,w G E®, we sometimes write u -I- w in 
order to denote the concatenation v ■ w oi v and w. The empty word is denoted by 
e, and as usual E+ E* \ {e} is the free semi-group and E® E® \ {e} the free 
commutative semi-group generated by E. For T C E, 7rr(u') denotes the projection 
of w onto alphabet symbols from T. 
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A commutative grammar (sometimes just grammar subsequently) is a tuple G = 
(TV, Ti,S,P), where 

• N is the finite set of non-terminal symbols; 

• S is a finite alphabet, the set of terminal symbols, such that fl S = 0; 

• S € N is the axiom; and 

• Pc N® X {N U S)® is a finite set of productions. 

The size of G, denoted by #0, is dehned as 

#G''=Vl + |S|+ E 1^1+ 1^1- 

{v,w)eP 

Note that commutative words in G are encoded in unary. Unless stated otherwise, 
we use this definition of the size of a commutative grammar in this paper. 

Subsequently, we write V ^ W whenever (V,W) € P. Let D,E € (A^UE)®, 
we say D directly generates E, written D =>g E, iff there are F C (N U E)® and 
V ^ W C P such that D = V + F and E = F + W. We write to denote the 
reflexive transitive closure of and if U V we say that U generates V. If G 
is clear from the context, we omit the subscript G. For U C N®, the reachability 
set TZ{G, U) and the language £(G, U) generated by G starting at U are defined as 

7e(G, U) {W€{NU E)® :U^*W} C{G, U) 7e(G, U) n E®. 

The reachability set 7?.(G) and the language C{G) of G are then defined as 7^(G) 

7^(G, S) and C{G) G(G, S). The word problem is, given a commutative grammar 
G and w C E®, is w € £(G)? Our main focus in this paper is, however, on the com¬ 
plexity of deciding language inclusion and equivalence for commutative grammars: 
Given commutative grammars G, iJ, language inclusion is to decide £(G) C C{E[), 
and language equivalence is to decide C{G) = C{H). Since our grammars admit 
non-determinism, language inclusion and equivalence are logarithmic-space inter- 
reducible. 

By imposing restrictions on the set of productions, we obtain various classes of 
commutative grammars. Following |Huy83[[MWT^ . given G = (Af,E,S',P), we 
say that G is 

• of type-0 if there are no restrictions on P; 

• context-sensitive if \V\ > \W\ for each V ^ W € P; 

• exponent-sensitive iiV €{{U}® :U & A^} for each U —>• IF G P; 

• context-free if U G A^ for each V ^ W G P', 

• regular HVgN and W G {N U {e}) • E® for each U —>• IF G P. 

Equivalence problems for commutative grammars were studied by Huynh, who 
showed that it is undecidable for context-sensitive and hence type-0 grammars, and 
□ 2 -hard and in coNEXP for regular and context-free commutative grammars [H^ 
The main contribution of this paper is to prove the following theorem. 

Theorem 1. The language equivalence problem for regular and context-free com¬ 
mutative grammars problem is coNEXP-complete. 

Exponent-sensitive grammars were only recently introduced by Mayr and Weih- 
mann [MW 18a] . They showed that the word problem is PS PACE-hard, and that 
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language equivalence is PSPACE-hard and in 2-EXPSPACE. The lower bounds re¬ 
quire commutative words on the left-hand sides of productions to be encoded in 
binary. The second contribution of our paper is to improve those results as follows. 

Theorem 2. The language equivalence problem for exponent-sensitive commuta¬ 
tive grammars is coNEXP-hard and in CO-2NEXP. 

Remark 3. For context-free commutative grammars, it is with no loss of generality 
possible to assume binary encoding of commutative words, which has, for instance, 
been remarked in [KTlOj . For example, given a production V ^ , n > 0, we can 

introduce fresh non-terminal symbols V\,... ,Vn and replace V ^ hyV 
Vn ^ a and Vi Vi+iVi+i for every 1 < i < n. Clearly, the grammar obtained 
by this procedure generates the same language and only results in a sub-quadratic 
blow-up of the size of the resulting grammar. 

2.2. Presburger Arithmetic, Linear Diophantine Inequalities, and Semi- 
Linear Sets. Let u = {m,... ,Um), v = (ui,... ,Vm) G Z™, the sum of u and v is 
defined component-wise, i.e., u+v = (rti-|-ui,..., Um+Vm)- Given u G li, u denotes 
the vector consisting of u in every component and any appropriate dimension. Let 
I < i < j < rn, we define 7r[jj](M) {ui,...,Uj). By ||m||oo we denote the 

def 

maximum norm of u, i.e., ||n||oo = max{|ui| : 1 < i < n}. Let M,N C Z"* 
and fc € Z, as usual M + N is defined as {m + n : m G M, n G N} and 

Hiof 

k-M = {k-m : m G M}. Moreover, |lM||oo = max{||2:||oo : z G M}. The size 
of u is numbers are encoded in binary, and the size 

of M is an m X n matrix A consisting of elements Qij G Z, 

Plli.oo =^niax{X;i<j<„|ay | : 1 < i < m}. 

Presburger arithmetic is the is the first-order theory of the structure {N, 0,1, -E, >). 
In this paper, atomic formulas of Presburger arithmetic are linear Diophantine in¬ 
equalities of the form 



l<'i<n 


where a^, £ Z and the Xi are first-order variables. Formulas of Presburger arith¬ 

metic can then be obtained in the usual way via positive Boolean combinations of 
atomic formulas and existential and universal quantification over first-order vari¬ 
ables, i.e., according to the following grammar: 


Vx.cj) I 3x.<j) \ (j) A (j) \ (t>\/ (j) \ t 


Here, the x range over tuples of first-order variables, and t ranges over linear Dio¬ 
phantine inequalities as above. We assume that formulas of Presburger arithmetic 
are represented as a syntax tree, with no sharing of sub-formulas. 

Given a formula (j) of Presburger arithmetic with no free variables, validity is to 
decide whether (j) holds with respect to the standard interpretation in arithmetic. 
By ||</>||oo we denote the largest constant occurring in (j), and \(j)\ is the length of </>, 
i.e., the number of symbols required to write down (j), where constants are repre- 

def 

sented in unary. In analogy to matrices, we define ||(^||i,oo = ||</’||oo ■ \4>\- Let 
be a quantifier-free formula open in a; = {xi, ..., Xm) and x* = (a;*,..., xi^) G N™, 
we denote by il)[x*/x\ the formula obtained from ?/> by replacing every Xi in i/i by 
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X*. Finally, given a quantifier-free Presburger formula tp containing linear Dio- 
phantine inequalities ti, ... ,tk and bi, ... ,bk G {0,1}, , bk/tk] denotes 

the Boolean formula obtained from ip by replacing every ti with bi. 

In this paper, we are in particular interested in the n 2 -fragment of Presburger 
arithmetic, for which the following is knowrQ. 

Proposition 4 f |Gra89[ IHaal4) l. Validity in the n 2 -fragment of Presburger arith¬ 
metic is coNEXP-complete. 

The sets of natural numbers definable in Presburger arithmetic are semi-linear 
sets [GS64] . Let b G N™ and P = {pi, ... ,p„} be a finite subset of N™, define 

cone(P) {Ai • pi -I- • • • -I- A„ • p„ : G N, 1 < * < n} . 

A linear set L{b, P) with base b and periods P is defined as L{b, P) 6-|-cone(P). 
A semi-linear set is a finite union of linear sets. For convenience, given a finite 
subset B of N™, we define 

L{B,P)’^^^ U L{b,P). 

bGB 

The size of a semi-linear set M = IJi^/ defined as 

iGl 

In particular, numbers are encoded in binary. Given a semi-linear set N C N™, 
PpN is the minimum over the sizes of all semi-linear sets M = L{bi, Pi) such 
that N = M. 

A system of linear Diophantine inequalities P is a conjunction of linear inequal¬ 
ities over the same first-order variables x = (xi, ... ,x„), which we write in the 
standard way as D : A ■ x > c, where A is a m x n integer matrix and c G N™. The 
size ppD of D is the number of symbols required to write down P, where we assume 
binary encoding of numbers. The set of solutions of D is denoted by |Z)] C N". 
We say that D is feasible if |ZI] ^ 0. In [Pot9IllDom9I) . bounds on the semi-linear 
representation of |ZI] are established. The following proposition is a consequence 
of Gorollary 1 in [Pot91] and Theorem 5 in [Dom M- 

Proposition 5 ( |Pot911 IDom91] l. Let D : A ■ x > che a system of linear Dio¬ 
phantine inequalities such that A is an m x n matrix. Then |Z?| = L{B,P) for 
P,P C N" such that |P| < (^) and 

||B||oo,||P||oo<(||A||i,oo+||c||oo+2)™+". 

3. Lower Bounds 

In this section, we establish the coNEXP-lower bound of Theorems [I] and [2] 
This is shown by establishing coNEXP-hardness of language inclusion for regular 
commutative grammars. However, for the sake of a clear presentation, we will first 
describe the reduction for context-free commutative grammars, and then show how 
the approach can be adapted to regular commutative grammars. Finally, we also 
show that even reachability equivalence is coNEXP-hard. 


^The hardness result is stated under polynomial-time many-one reductions in |Haa a • 
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As stated in the introduction, we reduce from validity in the n 2 -fragment of Pres- 
burger arithmetic. To this end, let (j) = Vai.3y.i/>(a:, y) such that x = {xi,..., Xm), 
y = (?/i,..., j/„), and is a positive Boolean combination of atomic formulas 
,..., tfc. For our reduction, we write atomic formulas of ip as 

~ Kj) ■ 

where the G N are such that af^ = 0 or a~, = 0, and likewise the G 

N are such that bf- = 0 or b~j = 0, and the zf,z~ G N such that zf = 0 or 

z~ = 0. Moreover, in the following we set afj — a~p bij bfj — b~j and 



Example 6. Consider the formula (p that we will use as our running example such 
that (p = 'ix3y.'ip{x, y), where ip{x, y) = (ti A ^ 2 ) V (fa A ti) and 

ti = X > 2 ■ y t 3 = x + l>2-y 

t2 = —X > —2 ■ y t 4 = —X — 1 > —2 ■ y, 

which expresses that every natural number is either even or odd. Here, for instance, 
0-21 — Oj O 21 = 1 ,^ 1 " = Zi = 0, b 2 i = 0 and 6 ^]^ = 2. Hence 02,1 = —1, Z 2 = 0 
and 62,1 = — 2 . 0 

With no loss of generality and due to unary encoding of numbers in cp, we may 
assume that the following inequalities hold: 

(1) |^|>2 + m + n + A: |(/'| > ll^^'lloo 

We furthermore define the constant c G N, whose bit representation is polynomial 
in \(p\, as 

(2) c min |2" > : n G n| . 

Let E {ti ,ti ^ ■ jtk show how to construct in logarithmic 

space context-free commutative grammars G, H over E such that C{G) C C{H) 
iff (p is valid. The underlying idea is as follows: the language of G consists of all 
possible values of the left-hand sides of the inequalities ti for every choice of x, 
where the value of some ti is represented by a word w G E® via the difference 
'w{tf ) — w{t~). For every w G E® and 1 < f < fc, we misuse notation and define 

w{ti) w{tt) — w{t~) G Z; note that in particular L ^ E. The grammar H can 
then be dehned in an analogous way and produces the values of the right-hand 
sides of H for a choice of y, but can in addition simulate the Boolean structure of 
Ip in order to tweak those U for which, informally speaking, it cannot obtain a good 
value. We explain the reduction in further detail in due course, but for now give a 
small example and then turn towards the formal definition of G. 

Example 7. Let (p be our running example. We have that E = {t]*", tp,..., ,tp}. 

Our goal is to define a context-free commutative grammar G such that, 

£(G) = {{c, c, c, c, c+1, c, c, c+l) + i- (c+1, c, c, c+1, c+1, c, c, c+1) G E® : i G N}. 

For any w G C{G), there is then some a; G N such that w{ti) = x, w{t 2 ) = —x, 
w{t 3 ) = a; -|- 1 and w{t 4 ) = —x — 1, those values which correspond to the possible 
values of the left-hand sides of the atomic formulas of <p for any choice of x. 0 
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Recall that we may represent commutative words of E® as vectors of natural 
numbers, we define: 

(3) M e S® 

(4) (l<i<m) 

The grammar G is constructed as G {Nq, T,,Sg,Pg), where Ng {S', X} and 
Pg is defined as follows: 

Sg —>■ Xcu X —> Xcvi (1 < 7 < w) 

X ^ e 


Here, c is the constant from © whose addition ensures that the values of the tf 
and t~ generated by G are large. Moreover, recall that it follows from Remark [3] 
that G can be constructed in logarithmic space even though c is exponential in \4>\. 
The following lemma captures the essential properties of G. 


Lemma 8. Let G be as above. The following hold: 

(i) For every x G N™ there exists w G J0{G) such that for all 1 < i < fc. 




j) ■ - Zi ■ 


l<j<m 


(ii) 

For every w G C{G) there exists a; S N' 

such that for all 

(5) 


• Xj -b z+ - z- 




(6) 

w{tf)>c + z++ Y c- 

Xj ^ C* (1 “h ||ii^||oo 




(7) 

wit-)>c + z- + Y c • 

Xj ^ C ' (1 “h ll^llcxD 


l<j<m 


Proof. Regarding (i), let a: = (xi,..., Xm) € N™ and consider the following deriva¬ 
tion of G: 


Sg ^ Xu ^ Xviu =>* Xvi’"u Xv^^ ■ ■ ■ v^_fu =>* • • • v^_ 

For every 1 < i < fc we have 

Mtt) '2^1 H- 'rVmitf) -Xm+Uitf) 

= (“m + c) • Xi -b • • • -b (a+„ -b c) • Xi -b -b c 

= + c- 

l<j<m 

In the same way, we obtain 

) = Y (“lj + 

l<j<m 


Y ■ Xj + zf - . 

l<j<m 


whence 
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Regarding (ii), by the construction of G, any w £ G(G) is of the form 


w = v^ 


^m-1 


VJ£U. 


Define x = (xi,..., Xm) and let 1 < i < /c, Equation ([5]) follows as in (i). Moreover, 
since u{tf) = c + and Vj{tf) > c for every 1 < j < m, we obtain inequality ([HI)- 
The same argument allows for deriving 0. □ 


This completes the construction of G and the proof of the relevant properties of 

def 

G. We now turn towards the construction oi H = {Nh, E, Sh, Ph) and define the 
set of non-terminals Nh and productions Ph of in a step-wise fashion. Starting 
in Sh, H branches into three gadgets starting at the non-terminal symbols Y, 
and /: 

Sh ^ YF^I 

Here, Y is an analogue to X in G. Informally speaking, it allows for obtaining the 
right-hand sides of the inequalities ti for a choice oi y £ N". In analogy to G, we 
define 

Wi = (b+i, bli,b+., &-J e S® {l<i<n) 

Y ^Ywi (1 < t < n) 

Y -£ e 


In contrast to X from G, note that Y does not add c every time it loops. The 
following lemma is the analogue of FI to Lemma [8] and can be shown along the 
same lines. 


Lemma 9. Let Y be the non-terminal of H as defined above. The following hold: 

(i) For every y £ N” there exists w £ C{H,Y) such that for all 1 < z < fc, 

w{tt) = T,l<j<n Kj ■ = T,l<j<n Kj • yp 

w(ti)= [btj-Ki^'yp 

l<_?<n 

(ii) For every w £ C{H, Y) there exists y £ N” such that for all 1 < z < A:, 

w{ti)= Y iKj-Kii'yp 

l<_?<n 

It is clear that the wy generated by Y may not be able to generate all ti in 
a way that match all w generated by G (i.e., all choices of x made through G). 
For now, let us assume that w{tf ) > WY{tf) and w{t~) > WY{t~) holds for every 
1 < z < fc. Later, we will show that if there is a good choice for y, we can find a 
good Wy £ C{H,Y) with this property. After generating wy, informally speaking, 
F[ should produce and t~ in order match w, provided that '0 is valid. 

In particular, the Boolean structure of 0 enables us to produce arbitrary quan¬ 
tities of some ti. This is the duty of the gadget F0 which allows for assigning 
arbitrary values to some atomic formulas U via gadgets i?*. defined below. The 
gadget F 0 recursively traverses the matrix formula 0 and invokes some R.y when¬ 
ever a disjunction is processed and a disjunct 7 is evaluated to false: 

Fti -P e PaAp -P FaPp 

FaWP -P FaRp Fa\/p -£ RaFp 

FaVl3 -P FaFp 
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The definition of for every snbformula ^ oi ip occurring in the syntax tree of ip 
is now not difficult: we traverse 7 until we reach a leaf U of the syntax tree of 7 
and then allow for generating an arbitrary number of alphabet symbols tf and t~. 
Let 1 < i < k, we define the following productions: 

Rti e Rti Rti^i 

Ra/\ji RaRp RaVp RaRp 

Example 10. Continuing our running example, H includes among others the fol¬ 
lowing rules: 

^ At2)"^(i3At4) At2)V(t3At4) ^ 1 At2) "^(^3 At4) 

^(tlAt2)V(t3At4) F{.ti/\t2)P(t3/\U) -^(tlAt2) RtlRt2 

Rti Rtitf Rt2 -Rt2^J 

Rti Rtiti Rt2 ^*2^2 

Rti e Rt2 £ 

In particular, 

C{H, Fip) = {(n^, n^, nj, n^, 0 , 0 , 0 , 0 ) G S® : n^, nj”, n^, G N}U 

U {( 0 , 0 , 0 , 0,113,113,114,114) G S® : n^", nj{, 714 , n4 G N}, 

i.e., Fif, may produce arbitrary quantities of either ti and t 2 , or ts and ^ 4 , reflecting 
the Boolean structure of ip. 0 

Finally, it remains to provide a possibility to increase WYpti) for those ti that 
were not processed by some Rt^ in order to match w. For a good choice of wy, we 
certainly have w(ti) > wypti) for those ti. Hence, in order to make wy agree with 
w on ti, all we have to do to wy is to non-deterministically increment, i.e., produce, 
tf at least as often as t~ . This is the task of the gadget I of H, whose production 
rules are as follows: 

/ ^ e I ^ Itft~ I Itf {l<i<k) 

The subsequent lemma, whose proof is immediate, states the properties of / for¬ 
mally. 

Lemma 11. C{H,I) = [{nf,np,... ,nf,np) G S® : n+ > nj, 1 < j < k}. 

This completes the construction of FI . Before we prove two lemmas that establish 
the correctness of our construction, let us illustrate the necessity of I with the help 
of an example. 

Example 12. For p of our running example, suppose that x is even and hence 

■u; = (c -I- (1 -I- c) • x, c -|- c • X, c -I- c • X, c -|- (1 -I- c) • x, 

c -I- 1 -I- (1 -I- c) • X, c -I- c • X, c -I- c • X, c -|- 1 -I- (1 -|- c) • x) G C{G). 
For y = xl2 , we clearly have 

wy = {2-y, 0,0,2-y, 2- y, 0, 0, 2 • y) G £{H, Y). 

The value of wypti) and wy(t 2 ) already matches w{ti) and w{t 2 ), respectively, 
however wyitf) ^ w{tf), etc. But then we find 

wi = {2 ■ y F 1) ■ (c, c, c, c, 0,0, 0,0) G C{H, I). 
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Moreover, we have 

wf = (0,0,0,0,1,0,0,1) + (2 ■ 1 / + 1) • (0,0,0,0, c, c, c, c) e C{H, F^), 

and consequently wy + wp + wi = w € ^{H). 0 

Lemma 13. Suppose C{G) C C{H), then (fi = yx3y.tp{x,y) is valid. 

Proof. Let x € N’”, we show how to construct y G N" such that '0(a:,y) evaluates 
to true. By Lemma | 8 ji), there exists w G C(G) such that for all 1 < i < /c, 

(8) w{ti)= ^ (a+- - a,“-) • Xj + zf - zf, 

l<j<m 

and since C{G) C C{H), w G C{H). By definition of iJ, there are wy,wf, wj G S® 
such that 

• Wy G C{H,Y), wi G Wf G and 

• w = Wy + Wf + Wj. 

By Lemma [9jii), there exists y G N” such that for all 1 < i < A:, 

(9) wy{ti) = (Ki ~ Kj) ■ yp 

l<j<n 

We claim that y has the desired properties, i.e., that w(ti) > wy{ti) for all inequali¬ 
ties necessary to make y) evaluate to true. To this end, consider the derivation 

def 

tree of wf and define a mapping ^ : { 1 ,..., fc} —{ 0 , 1 } such that = 0 if the 

def 

non-terminal Rt^ occurs in the derivation tree and f{i) = 1 if Tj. occurs in it. By 
the construction of this mapping is well-defined, and moreover it also implies 
that 4>[£^{ti)/ti,... ,£,{tk)/tk] evaluates to true. So it remains to show that for all 
ti such that = 1 , i.e., we have 

w{U) = w{tl) - w{t~) > Wy{tl) - wy{t~) = Wy{U). 

Since for all such i we have wpit^) = wpitj) = 0, it follows that w{t^) = wy{t^) + 
wi{tf ) and w{t ~) = wy{t~) + wi{t~), hence 

w{tt) - '‘"(ti) = (.wy{tf) - wy{t-)) + wi{t~)). 

By Lemma ITTl wi{t^) — wi{t~) > 0, and consequently w{ti) > wy{ti) as required 
by (H]) and dH). □ 

The converse direction is slightly more involved. Informally speaking, on the first 
sight one might be worried that FI produces more tf or t~ than G, which cannot 
be “erased.” However, the addition of c in every component for every reduction 
step made by G together with Proposition [5] allows us to overcome this obstacle. 

Lemma 14. Suppose (j) = Vx.3y.tf}{x,y) is valid, then £{G) C C{H). 

Proof. Let w G £{G), by Lemma [5]^ii) there exists x* G N™ such that ([S]), (O 
and ([7]) hold. By assumption, there is y* G N” such that tp{x*,y*) holds. Hence, 
there is ^ : { 1 ,..., fc} —)• { 0 , 1 } such that for all i where f{i) = 1 , 

^ ' Vj 
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and ... ,^(k)/tk\ evaluates to true. With no loss of generality, write {i : 

^(z) = 1} = {1,..., /i} for some 1 < h < k. Consider the system D : A ■ {x, y) > z 
of linear Diophantine inequalities over the unknowns x and y, where 



0^1, m —^1,1 


def 


\ah.i ■ 

‘ ^h,7n ' ■ 

' ^h.n/ 


\,-zJ 


By assumption, D has a non-empty solution set. We have that A is a. h x {m + n) 
matrix with ||M||i_oo < H'i/'Hi^oo and ||2||oo < ||iAI|oo- By Proposition [51 there are 
B,P C such that |Z)] = B + cone(P). Consequently, 

X* = (b + Ai • Pi H-h • p^) 

for some b £ B, pi G P and Ai £ N. In particular, since |P| < we 


have 


(10) 

0< ^ A < ||a;*||oo-^< ||ai*||oo-2l^l. 
i<i<e 

Now let 

y^ = '^[m+l,m+n] (b + Ai ■ Pi + • • ■ + Af • Pi) 


We have (a;*, is a solution of D and henceforth iplx*/x, y^y] evaluates to true. 
Moreover, 

lly^lloo < ||b||oO + ||Al • Pi -f • • • -f A^ • P^lloo 
< ||P||oo+ ^ A.-||i"l|oo 

i<i<e 


< 

lli^lloc 

> + ll=^*l 

l|oo-2l^l.|IA|oo 

(by®) 

< 


ll®*l|oo ■ 


(1^111,00 + 11^1100+2)"+"^+” 

(by Prop. [5]) 

< 


11^ l|oo ' 


((m + rz + l)-||<(.||,^ + 2)"+’”+” 


< 


l|a^*lloo ■ 


|0|3'|0| 


< 

(1 + 1 

la^lloo) 

■ ■ 2l'^l 

(by (HD) 

< 

(1 + 1 

la^lloo) 

c 

'W 


(by (HD) 


Combining the estimation of ||y^||oo with (jS]) and (O of Lemma |S1 for every 1 < 
i < k we obtain 

(11) > c ■ (1 + llai^lU) > ||yt||^ . |^|2 > ||yt||^ . II^II^ . I^|. 

By Lemma mi) there is wy £ C{H,Y) such that (fTTl) yields 
witt)> iiy^iioo • ii'/'iioo > Y Ki 'yj = 

w{t~)> Y lly^lloo • ll'/'lloo > Y Kj -Vj =WYit~). 

Moreover, the construction of is such that 

{wf £ S® : WF{tf ) = WF{t~) = 0, ^(z) = 1, 1 < z < fc} C C{H,F^). 
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Hence, we can find some wf £ £{H,F^) which allows us to adjust those U for 
which = 0. More formally, for 1 < i < fc such that ^{i) = 0, 

(lily + WF){tf) = w{tf) and {wy + WF)it~) = w{t~). 

On the hand, for all 1 < z < /c such that ^(z) = 1, 

{wY +WF){,tf) = writf) and {wy +WF)itt) = Wy{tf), 
i.e., those U remain untouched hy wf- 

Consequently, it remains to show that there is a suitable wj £ £{H-, I) such that 
we can adjust those ti which were left untouched hy wf above. For all 1 < z < fc 
such that ^(z) = 1, since is a solution of D, we have 



But then Lemma [Tl] yields the required wj £ C{H,I) such that wi{tf) = rrii + rii, 
wi{t~) = rrii, and wi{t'^) = wi{t'^) = 0 for all j such that ^(j) = 0. 

Summing up, we have w = wy +wi + wf, and hence w £ C{H) as required. □ 

Lemmas [13] and [14] together with Proposition]4]yield the coNEXP-lower bound of 
Theorems [Hand [2] of the language inclusion problem for context-free and exponent- 
sensitive grammars. In order to show hardness of the equivalence problem, we 
merge H into G, i.e., define 

=' {Ng UNhU {5}, S, PgUPhU{S^ Sq, S ^ 5^}). 

It is now clear that 4> is valid iff C{G^) = C{H). Finally, if we, in addition, redefine 
H as 

H- =' {{Sg, X}UNhU {5}, E, Pff U {5 ^ Sg, S ^ XSh, X ^ e}) 

then G® and iL® have the same set of non-terminals N Ng U Nh U {S'} = 
{Sg, X} U Nh U (Sj, and even a stronger statement holds: 

(12) (j) is valid TZ{G'^) =n{H‘^). 

3.1. Hardness for Regular Commutative Grammars. It remains to show how 
the reduction developed so far can be adapted in order to prove coNEXP-hardness 
of the equivalence problem for regular commutative grammars. As constructed 
above, neither G nor H are regular. In this section, we show how to obtain regular 
commutative grammars G'^ and LG from G and H such that C{G^) C C{H'^) iff 


£(G) C C{H). 


It is actually not difficult to see that H can be made regular. By the construction 
of H, both gadgets starting in Y and I are regular, but is not, and also the initial 
production Sh —>■ YF^I is not regular. The latter can be fixed by additionally 
adding productions Y ^ F^ and F,/, ^ / to the set of productions F, and replacing 
Sh YF^I with Sh Y. It thus remains to make F^ regular. The non-regularity 
of the latter is due to the fact that we use branching provided by context-free 
commutative grammars in order to simulate the Boolean structure of ijj. However, 
as we show now, it is possible to serialise F^. 
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As a first step, we discuss the serialisation of for all subformulas 7 occurring 
in the syntax-tree of ip. Recall that the task of R-y is to generate arbitrary amounts 
of alphabet symbols tf and t~ for all ti occurring in 7 . We define the set 
collecting all tf and t~ corresponding to the inequalities appearing in 7 : 

^ I Tq U T ,3 if 7 = a a /3 or 7 = a V /3. 


We can now redefine R^ to be the regular grammar corresponding to the following 
NFA, for which clearly C{R^) = T® holds: 


ft T-, 





Next, we describe an inductive procedure that when completed yields an NFA 
that corresponds to a regular grammar whose language is equivalent to C{H,F^). 
The procedure constructs in every iteration an NFA with a unique incoming and 
outgoing state and labels every transition with the gadget that should replace this 
transition in the next iteration, or with an alphabet letter if no more replacement 
is required. The initial such NFA is the following: 



In the induction step, the rewriting of a transition labelled with F^ depends on the 
logical connective. A conjunction 7 = a A /? is replaced by sequential composition: 


a 



o > 0 


Fp 


o 


Thus, the outgoing state of the gadget Fa connects to the incoming state of the 
gadget Fjs. In the case of a disjunction ^ = aV 13, the transition is rewritten into 
three paths that, informally speaking, correspond to possible truth assignments to 
the subformulas Fa and Fp. If the inequalities appearing in a are allowed to receive 
arbitrary values, the transition labelled with Fayp is replaced by the sequential 
composition of two gadgets, Ra and Fp] the other cases are treated in the same 
way: 



Moreover, if R^ is reached it gets replaced by the gadget described earlier. From 
this construction, it is clear that the regular grammar that can be obtained from 
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Po 

Pi Pi 

P2 P2 

••• Pi-1 

Pi Pi 


Po Pi 

Pi P2 

P2 ■■■ 

Pi-1 Pi 

Pi 


Figure 1. Illustration of the pairing of alphabet symbols in Ct, 
(above) and Cr (below). 


the resulting NFA exactly generates C{H,Ftp), and that in the following we may 
assume that H is regular. 

We now turn towards showing how G can be made regular. Even though the 
structure of G already appears to be regular, note that we use the construction of 
Remark in order to encode the constant c in binary. This is not possible in the 
case of regular commutative grammar, at least not in an obvious way. However, 
we can use an interplay between G and H in order to, informally speaking, force G 
to produce alphabet symbols in exponential quantities. To this end, we introduce 
additional alphabet symbols and define T^ = {po,pT,Pi,... ,Pi,Pi} for every i e N. 
Before formally providing the construction in Lemma [TS] below, let us discuss how 
we can achieve our goal on an informal level. Suppose we wish to produce a word 
w e rf such that w{pi) = 2* • po- One way to obtain a language that contains 
such a word is to pair alphabet symbols pj and pj and to produce two symbols pj 
every time some pJ is non-deterministically produced. The pairing is illustrated in 
the top of Figure [U and, more formally, such a language can be generated by the 
following regular grammar: Gi ({S'^}, Fj, 5'^, P^), where 

S( ^ e 
Si Sipo 

Si -)■ SiPjPjPj (0 < j <i)- 

Clearly, we can find some w G C[Gi) such that 

w{pi) = 2 • w{pl) = 2 • w{pi-i) = 2^ • w{pF^) = • • • = 2* • w{po). 

Such a w implicitly requires another pairing, namely that w{pj+i) = w(pj) for all 
0 < j < *, which is illustrated in the bottom of Figure [T] If we can rule out all 
words of C{Gi) that violate this pairing, we obtain a language containing the desired 
ru G rf such that w{pi) = 2* • w{pq). This is the task of the regular grammar Gr 
constructed in the following lemma. 

Lemma 15. For every f G N, there are logarithmic-space computable regular 
commutative grammars Gi and Gr such that: 

(i) C{Ci) = {ic G r® : w{pj) = 2 ■ w{j^) for every 1 < j < i}] and 

(ii) C{Cr) = {wi G rf : w{pj) ^ w{pj+i) for some 0 < j < i}. 

In particular, for every v G C{Gi) \ G{Gr), v{pi) = 2® • v{po). 

Proof. Regarding Part (i), clearly Ci as defined above has the desired properties. 
In order to prove Part (ii), we define Gr {Nr,ri,Sr,Pr), where Nr {-Sr} U 
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{Nj,Nj+i .0 < j < i} and 


Sf ^ SfPi 



S<y - y NjPj 

Sr ^3 + 1 Pj+l 

(0 < j < i) 

Nj -)• NjPj 

Nj+1 Njj^iPj+i 

(0 < j < i) 

Nj NjPjPj+i 

Nj+i -e Nj+ipjpj+i 

(0 < j < i) 

^3 ^jPg 

^3 ^jPg 

(0 < g,j < i,gT^j) 

^3 ^3Pg+i 

^3 ^3Pg+i 

(0 < g,j < i,g^ j) 

Nj -)• e 

Nj e 

(0 < j < i). 


Informally speaking, after non-deterministically producing alphabet symbols pi 
starting from Sr, we can then non-deterministically choose an index 0 < j < i 
such that either pj > Pj+i (when switching to Nj) or Pj+i > Pj (when switching 
to Nj), and for any choice of j all other alphabet symbols Pg and Pg+i such that 
g ^ j can be produced in arbitrary quantities. It is easily checked that C(Cr) has 

we have 


w{pj) = w{pjj^i) for all 0 < j < i} 

= 2 ■ w{pj+i) and w(pj) = w(jpj+i) for all 0 < j < i} 
= 2 • w{pj) for all 0 < j < i} 


the desired properties. Now, 
vGCiCe)\CiCr) 
C{Ce) n Z(^ 
£{Ce) n{wG rf : 
u e {w G rf : w{pj+i) 
^v€{w erf w{pj+i) 

v{pi) = 2* • u(po)- 


Let S = {tf, . ,tf be as defined in the previous section. The following 
corollary is an immediate consequence of Lemma [15] and enables us to construct an 
exponential number of tf and t~. 


Corollary 16. For every i G N, there are logarithmic-space computable regular 
commutative grammars Cf and Cf over S U F^ such that 

(i) C{Cf) - C{Ci) • S® n {w G (E U Ff® : w{tf) = w{t~) = w{pi)}-, and 

(ii) C{Cf) = C{Cr) ■ E®. 

where Cg, and Cr are dehned as in Lemma US) 


Recall that H already is a regular commutative grammar, and let c be the 
constant from ([Sj) and j log c. We can now define regular versions G’’ and 
over E U F^ of G and H, respectively, such that E(G’') C C{H^) iff C{G) C C{H). 
Let u and Vi be dehned as in ([3]) and o, and let Gf and Gf be as dehned in 
Corollary [T31 for the alphabet F^-, the axiom of G’’ is Sq and the transitions of G’' 
are given by 

Sq Xpou X -e XpoVj (1 < j < m) 

X^Gf 

Moreover, is the regular commutative grammar such that 

£(iL’') =£(Gf)U£(iL)-r®. 
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The correctness of the construction can be seen as follows. Let w £ C{G^), we 
distinguish two cases: 

(i) If w(pi) ^ c ■ w{po) then w G G{C^) C C{H^). 

(ii) Otherwise, w{pi) = c • w{po) and w ^ C{Cf). Consequently, w G C{H'") iff 

w G C{H) ■ r® thus TT^iw) G C{H). But we know that G C{G). 

Concluding, we have C{G'") C if C{G) C C{H). The implication in the 

opposite direction is obvious, which completes our proof. 


4. Improved Complexity Bounds for Language Equivalence for 
Exponent-Sensitive Commutative Grammars 

In this section, we turn towards the equivalence problem for exponent-sensitive 
commutative grammars and prove Theorem [2] Hardness for coNEXP of this prob¬ 
lem directly follows from Theorem [I] since regular commutative grammars are 
a subclass of exponent-sensitive grammars. Hence, here we show that the prob¬ 
lem can be decided in co-2NEXP, thereby improving the 2EXPSPACE upper bound 
from |MWI3aj . As stated in Section [5J commutative words on the left-hand sides of 
the productions of exponent-sensitive commutative grammar as defined in [MW13a] 
are encoded in binary. 

It is sufficient to show that inclusion between exponent-sensitive commutative 
grammars can be decided in co-2NEXP. To this end, we follow an approach pro¬ 
posed by Huynh used to show that inclusion of context-free commutative grammars 
is in coNEXP |Huy85| . Let G and H be exponent-sensitive commutative gram¬ 
mars. The starting point of Huynh’s approach is to derive bounds on the size of 
a commutative word witnessing non-inclusion via the semi-linear representation of 
the reachability sets of G and H. For exponent-sensitive commutative grammars, 
7^(G) and Ti-{H) are shown semi-linear with a representation size doubly exponential 
in -I- in [MW13bj , and this representation is also computable in doubly- 
exponential time. Given semi-linear sets M and N such that M\N is non-empty, 
Huynh shows in |Huy86| that there is some v G M\N whose bit-size is polynomial 
in -I- ^N. Consequently, if C{G) % G(iL) then the binary representation of 
some word w G /1(G) \ £(//) has size bounded by for some polyno¬ 

mial p. Since the word problem for exponent-sensitive commutative grammars is 
in PSPACE, deciding /1(G) C C{H) is in 2-EXPSPACE, as observed in [MW13bl 
Thm. 5.5]. Now comes the second part of Huynh’s approach into play. In |Huy85| , 
a Caratheodory-type theorem for semi-linear sets is established: given a linear set 
M = L{b,P) C N"*, Huynh shows that M = L{bi,Pi), where bi G L{b,P), 
each bi has bit-size polynomial in #M, and Pi Q P has full column rank and hence 
in particular \Pi\ < m. The key point is that deciding membership in a linear set 
with such properties obviously is in P using Gaussian elimination, and that we can 
show that a semi-linear representation of 7^(G) and Tt{H) in which every linear 
set has those properties is computable in deterministic doubly-exponential time in 
#G -I- #//. Consequently, a CO-2NEXP algorithm to decide /1(G) C £(i/) can ini¬ 
tially guess a word w whose representation is doubly-exponential in ^G + ^H, then 
compute the semi-linear representations of 7?.(G) and TZ{H) in the special form of 
Huynh, and check in polynomial time in that w belongs to /1(G) and not to 
C{H). We now proceed with the formal details. 
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Subsequently, let s = ^G, t = and C{G), C{H) C S®. We begin with stat¬ 
ing the relevant facts about the semi-linear representation of the reachability set of 
exponent-sensitive commutative grammars. The subsequent proposition is derived 
from [MW13bl Lem. 5.4], which is stated in terms of generalised communication-free 
Petri nets, but as argued in the proof of |MW13bl Thm. 6.1], there is a logarithmic- 
space reduction from exponent-sensitive commutative grammars to such Petri nets 
which preserves reachability sets, and hence allows us to apply |MW13bl Lem. 5.4]. 

Proposition 17 (' [MW13b] b There exists a fixed polynomial p such that the reach¬ 
ability set 72.(G') = IJ-gj L(6i, Qi) is computable in DTIME(2^’’°'''^‘’') such that for 
every i € 7, 

• |.f| < and \Qi\ < and 

• < p{s) and < p{s) for every q £ Qi. 

Next, we introduce Huynh’s decomposition of linear sets as described above. 
The following proposition is a consequence and a summary of Proposition 2.6 and 
Lemmas 2.7 and 2.8 in IHU^ . 

Proposition 18 ( |Huy85| ). Let M = L{b,Q) be a linear set. There is a fixed 
polynomial p such that M = Uig/ and for every i £ I, Mi = L{bi, Qi) with 

• bi £ L{b, Q) and #6^ < p(#M); and 

• Qi GQ is has full column rank and \Qi\ = rank((5). 

Subsequently, for a given M = L{b,Q), whenever [Ji^i L{bi,Qi) has the prop¬ 
erties described in Proposition 1181 we say that it is the Huynh representation of 
M. 

Lemma 19. Let M = L(6, Q) be a linear set. The Huynh representation of M 
can be computed DTIME(2P°h(#'^)). 

Proof. Let p be the polynomial from Proposition [TSl First, we compute the set of 
bi as follows: we enumerate all candidates bi such that fj^bi < p{ffM), there is at 
most an exponential number of them. For every candidate we check if bi £ L{b, Q), 
which can be done in NP. Next, we enumerate all subsets Qi C Q oi full column 
rank and cardinality rank((3), again there are at most exponentially many of them. 
Finally, we output the all possible combinations of the bi with the Qi. □ 

Lemma 20. The Huynh representation of 7?.(G) can be computed in DTIME(2^'’ ^). 

Proof. First, we apply Proposition 1171 in order to compute a semi-linear represen¬ 
tation [ Ji^j L{bi,Qi) of 7?.(G) such that ]/] < 2^’’^**', \Qi\ < and ^bi < p{s) 
and ffq < p{s) for every q £ Qi for some fixed polynomial p. By Lemma 1191 
from every Mi = L(bi,Qi) we can compute an equivalent Huynh representation 
Ni = Ujgj, L{ci^j,R,j) of M, in DTIME(2P°'y(#^>)) = DTIME(22'’°"‘'’'). Thus, the 
overall procedure also runs in DTIME(2^'’°'''*'”’'). □ 

As the final ingredient, we state Huynh’s result that whenever inclusion between 
two semi-linear sets does not hold then there exists a witness of polynomial bit-size. 

Proposition 21 ( |Huy86| ). Let M,N C N™ be semi-linear sets. There is a fixed 
polynomial p such that whenever M N then there exists some v £ M \ N such 
that 4v <p{#M + if N). 
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We are now fully prepared to prove the main statement of this section, which 
immediately yields the upper bound for Theorem [2j 

Proposition 22. Deciding C{G) C C{H) is in CO-2NEXP. 

Proof. We describe a co-2NEXP-algorithm. First, by combining PropositionlTTlwith 
Proposition!^ if C{G) % C,{H) then there is some w G S® such that 
for some fixed polynomial p. The algorithm non-deterministically chooses such a 
w. Now the algorithm computes the Huynh representations of 7?.(G') and P-iH) 
in DTI ME (2^’’°''’^°^*^) = DTIME(poly(:j^ry)). For every linear set M = L{b,Q) in 
the Huynh representation of TZ{G) and TZ{H), ffb < p{s + t), < p{s + t) for all 

q € Q and some fixed polynomialp, and Q has full column rank and hence IQj < |S|. 
Thanks to those properties, w G L{b, Q) can be decided in DTIME(poly(#M)) using 
Gaussian elimination. Consequently, checking w G C{G) \ C{H) can be performed 
in DTIME(poly(#u;)). □ 

5. Applications to Equivalence Problems for Classes of Petri Nets, 
BPPs AND Reversal-Bounded Counter Automata 

Here, we discuss immediate corollaries of Theorems [T] and [2] for equivalence 
problems for various classes of Petri nets, basic parallel process nets (BPP-nets) 
and reversal-bounded counter automata. 

It has, for instance, been observed in |Esp97| IYen971 1 MW 15) that context-free 
commutative grammars can be seen as notational variants of communication-free 
Petri nets and BPP-nets. This allows for transferring results on standard decision 
problems between these formalisms. We do not formally introduce communication- 
free Petri nets and BPP-nets here. Informally speaking, in those nets non-terminal 
and terminal symbols of commutative context-free grammars correspond to places 
in those nets, where every transition can remove a token from at most one place, 
and where tokens cannot be removed from places corresponding to terminal sym¬ 
bols. The equivalence problem for communication-free Petri nets and BPP-nets is 
to decide whether the set of reachable markings of two given nets coincides. In 
particular, this requires that both nets have the same set of places. Via a reduction 
to the equivalence problem for context-free commutative grammars, it is possible to 
obtain a coNEXP-upper bound for the equivalence problem of communication-free 
Petri nets and BPP-nets |MWI5] . On the other hand, Theorem [T] together with 
the strengthened construction given in (11211 yields a matching lower bound. 

Theorem 23. The equivalence problem for communication-free Petri nets and 
BPP-nets is coNEXP-complete. 

As already briefly mentioned in Section|4l exponent-sensitive commutative gram¬ 
mars are closely related to so-called generalised communication-free Petri nets, and 
in fact inter-reducible with them )MW13bl Thm. 6.1]. Similarly to communication- 
free Petri nets, transitions of generalised communication-free Petri nets may only 
remove tokens from one place, however they are allowed to remove an arbitrary 
number of them, not just one. For the sake of completeness, let us state Theorem[2] 
in terms of generalised communication-free Petri nets. 

Theorem 24. The equivalence problem for generalised communication-free Petri 
nets is coNEXP-hard and in co-2NEXP. 
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We now turn towards the equivalence problem for reversal-bounded counter au¬ 
tomata. For our purposes, it is sufficient to introduce reversal-bounded counter 
automata on an informal level, formal definitions can be found in [Iba78) . see 
also [Ibal4| for a recent survey on decision problems for reversal-bounded counter 
automata. A counter automaton comprises a finite-state controller with a finite 
number of counters ranging over the natural numbers that can be incremented, 
decremented or tested for zero along a transition. A classical result due to Minsky 
states that reachability in counter automata is undecidable already in the presence 
of two counters [MinGlj . One way of overcoming this problem is to bound the num¬ 
ber of times a counter is allowed to switch between increasing and decreasing mode. 
Consider, for instance, a counter of some counter automaton whose values along a 
run are 0,1, 2, 3, 5,4,4, 3, 3,4, 5, 6. On this run, the counter reverses its mode twice, 
once from incrementing to decrementing mode (when decrementing from 5 to 4), 
and one more time from decrementing to incrementing mode (when, thereafter, in¬ 
crementing from 3 to 4). In this example, the number of reversals of the counter is 
bounded by two. A /c-reversal bounded counter automaton is a counter automaton 
whose counters are only allowed to have at most k reversals along a run. 

Ibarra [Iba78) has shown that the sets of reachable configurations of reversal- 
bounded counter automata are effectively semi-linear. Hague and Lin [HLll] 
showed that from a reversal-bounded counter automaton one can construct in 
polynomial time an open existential Presburger formula defining the set of 

reachable configurations, i.e., the sets of counter values with which a target control 
state is reached starting in an initial configuration. The equivalence problem for 
reversal bounded counter automata over the same number of counters is to decide 
whether their reachability sets are the same. 

An application of the result of Hague and Lin combined with Proposition |4] 
immediately yields a coNEXP-upper bound for the equivalence problem. Given 
two reversal-bounded counter automata whose reachability sets are defined by ex¬ 
istential Presburger formulas ^{x) and il’ix), respectively, their reachability set is 

def 

equivalent iff (() = \/x.(j){x) -n- 4’i^) is valid. Since (j) is a n2-sentence of Presburger 
arithmetic. Proposition |4] yields a coNEXP-upper bound for the equivalence prob¬ 
lem. On the other hand. Theorem [1] gives that equivalence is already coNEXP-hard 
for regular commutative grammars. Now the latter can immediately be simulated 
by a 0-reversal bounded counter automaton by introducing one counter for each 
alphabet symbol in S, treating non-terminal symbols as control states, and incre¬ 
menting the counter corresponding to some a G S whenever a production V ^ Wa 
is simulated. Consequently, we have proved the following theorem. 

Theorem 25. The equivalence problem for reversal-bounded counter automata is 
coNEXP-complete, and in particular coNEXP-hard for 0-reversal bounded counter 
automata with no zero tests whose constants are encoded in unary. 

6. Conclusion 

In this paper, we showed that language inclusion and equivalence for regular 
and context-free commutative grammars are coNEXP-complete, resolving a long¬ 
standing open question posed by Huynh |Huy85| . Our lower bound also carries 
over to the equivalence problem for exponent-sensitive commutative grammars, for 
which we could also improve the 2-EXPSPACE-upper bound [MW13a] to co-2NEXP. 
The precise complexity of this problem remains an open problem of this paper. An 
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com. grammar 

word problem 

language equivalence 

type-0 

EXPSPACE-h. Lip76, S |bS15| 

undecidable |Hac76| 

cont.-sensitive 

PS PACE-complete Huy83 

undecidable Huy85 

exp.-sensitive 

PS PACE-complete IMW13al 

coNEXP-h., G CO-2NEXP 

context-free 

NP-complete |Huy83| |Esp97| 

CO N EX P-complete 

regular 


Table 1. Complexity of the word and the equivalence problem for 
classes of commutative grammars. 


overview over the complexity of word and equivalence problems for commutative 
grammars together with references to the literature is provided in Table [T] 

It is interesting to note the non-monotonic behaviour of regular grammars with 
respect to the complexity of the equivalence problem. In the non-commutative 
setting, language equivalence is PS PACE-complete, and hardness even holds when 
the number of alphabet symbols is fixed. In contrast, in the commutative set¬ 
ting language equivalence is El^-complete when the number of alphabet symbols 
is fixed [KTlOl |Kopl5| , and coNEXP-complete for an alphabet of arbitrary size as 
shown in this paper. 

One major open problem related to the problems discussed in this paper is weak 
bisimilartiy between basic parallel processes. This problem is not known to be 
decidable and PSPACE-hard [Srb03] . Unfortunately, it does not seem possible to 
adjust the construction of our coNEXP-lower bound to also work for weak bisimu¬ 
lation. 

Acknowledgements. We would like to thank Matthew Hague for clarifying some 
questions regarding reversal-bounded counter automata. 
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